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Two reasons to study medieval logi

◮ To see how similar medievallogi
 is to modern logi

◮ To see how di�erent medievallogi
 is from modern logi
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The sour
es
◮ William of Sherwood's Introdu
tiones in logi
am, Latin edition withGerman translation [11℄, English translation with 
ommentary [10℄).
◮ De propositionibus modalibus [9℄, author un
ertain but probably StThomas Aquinas.
◮ Pseudo-Aquinas's Summa totius logi
ae Aristotelis [8℄.
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The sour
es
◮ William of Sherwood's Introdu
tiones in logi
am, Latin edition withGerman translation [11℄, English translation with 
ommentary [10℄).Written between 1240 and 1248, while Sherwood was a master in theArts Fa
ulty at the University of Paris.
◮ De propositionibus modalibus [9℄, author un
ertain but probably StThomas Aquinas. If genuine, it is a juvenile and early work.
◮ Pseudo-Aquinas's Summa totius logi
ae Aristotelis [8℄. Long thoughtto be by Aquinas, but probably in fa
t not genuine.
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Modes and modal propositions (1)De�nition (Categori
al proposition)A 
ategori
al proposition is 
uius substantia 
onsistit ex subie
to etpraedi
ato [Sherwood℄.De�nition (Mode)Aquinas determinatio adia
ens rei, quae quidem �t per adie
tionemnominis adie
tivi, quod determinat substantivum. . . vel peradverbium, quod determinat verbum�both adverbs andadje
tives.Pseudo-Aquinas adja
ens rei determinatio; idest, determinatio fa
ta peradje
tivum�just adje
tives.Sherwood determinatio ali
uius a
tus, et se
undum ho
 
onvenit omniadverbio�just adverbs.Sara L. U
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Modes and modal propositions (2)De�nition (Modal proposition)A modal proposition is a 
ategori
al proposition(a) to whi
h a mode has been added,(b) wherePseudo-Aquinas the mode determinat 
ompositionem ipsampraedi
ati ad subie
tumSherwood the mode determinatio praedi
ati in subie
toAquinas inhaerentia praedi
ati ad subje
tum modi�
aturThe modes: verum, falsum, ne
essarium, impossibile, possibile, and
ontingens.Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
 AiML 2008 5 / 32



Two ways a mode 
an determine 
ompositionThe three authors make the distin
tion in slightly di�erent ways and withdi�erent labels:Aquinas: de di
to vs. de re.Pseudo-Aquinas: de di
to vs. de re.Sherwood: nominal modes vs. adverbial modes.Modalis de di
to est, in qua totum di
tum subii
itur et moduspraedi
atur, ut So
rates 
urrere est possibile; modalis de re est, in quamodus interponitur di
to, ut So
ratem possibile est 
urrere [Aquinas℄.Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
 AiML 2008 6 / 32



Quantity & quality
Both 
ategori
al and modal propositions have quantity and quality. Thesedetermine the inferential relations that hold between pairs or sets of
ategori
al or modal propositions.The quantity is either singular, parti
ular, universal, or inde�nite. Thequality is either positive or negative.
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Quantity of 
ategori
al propositionsA 
ategori
al proposition is
◮ singular when the subje
t term pi
ks out only one obje
t, be
ause it isa proper name or it is modi�ed by a de�nitie arti
le su
h as ho
 orillud.
◮ parti
ular when the subje
t term pi
ks out more than one obje
t,be
ause it is modi�ed by a parti
ular quanti�er su
h as quoddam oraliquid.
◮ universal when the subje
t term pi
ks out all obje
ts of whi
h theterm 
an be truly predi
ated, be
ause is modi�ed by a universalquanti�er su
h as omnem or nullum.
◮ inde�nite when the subje
t term refers to some obje
t or obje
ts, butno parti
ular obje
t or obje
ts, be
ause no quanti�er or de�nite arti
leis used, and the subje
t is not a proper name.Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
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Quantity of modal propositionsModal de re statements have the same quantity as their underlying
ategori
al senten
es.Aquinas and Pseudo-Aquinas: modal de di
to statements always havesingular quantity, even though they may 
ontain universal or parti
ularquanti�ers within them.Sherwood: when a 
ategori
al statement with a nominal mode isinterpreted as if is adverbial, then the quantity is determined by thequantity of the underlying 
ategori
al. When not interpreted this way, thedi
tum of the senten
e is the subje
t, and this is singular.Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
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Quality of 
ategori
al and modal propositionsQuality of a proposition is determined by the presen
e or absen
e of anegation:
◮ for 
ategori
al senten
es, it is the negation of the 
ompositionbetween the subje
t and the predi
ate
◮ for modal senten
es it is the negation of the mode.If the 
omposition or the mode is a�rmed, then the senten
e is a�rmative,and if it is denied, then it is negative.Propositio modalis di
itur a�rmativa vel negativa se
unduma�rmationem vel negationem modi, et non di
ti [Aquinas℄.Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
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Inferential relationsTwo types of inferential relations: impli
ations and 
onversions.
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Inferential relationsTwo types of inferential relations: impli
ations and 
onversions.The impli
ations:
◮ 
ontradi
tion
◮ 
ontrariety
◮ sub
ontrariety
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◮ superalternation
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Inferential relationsTwo types of inferential relations: impli
ations and 
onversions.The impli
ations:
◮ 
ontradi
tion
◮ 
ontrariety
◮ sub
ontrariety
◮ subalternation
◮ superalternationThe 
onversions:
◮ 
onversion per a

idens
◮ 
onversion simplex
◮ equivalen
es whi
h 
an be generated through the square of opposition.These impli
ations and 
onversions are used to develop a modal syllogisti
.Sara L. U
kelman (ILLC) 13th-
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Impli
ations (1)Modes 
an be 
ombined with negation in one of the following four ways:A without negationB with more than one negationC with one negation, before the modeD with one negation, after the modeFour modes × four 
ombinations of modes and negations = sixteensynta
ti
ally di�erent modes, whi
h 
an o

ur in de re or de di
topropositions.
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Impli
ations (2)Ea
h of the sixteen 
an be pla
ed into one of four ordines:possibile non possibileordo 1 
ontingens non 
ontingens ordo 3non impossible impossibilenon ne
essarium non ne
essarium nonpossibile non non possibile nonordo 2 
ontingens non non 
ontingens non ordo 4non impossibile non impossibile nonnon ne
essarium ne
essariumFigure: The four ordinesOmnes propositiones quae sunt in eodem ordine, aequipollent sunt [Aquinas℄.Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
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Modal square of oppositionThe four orders make up the 
orners of a square of opposition illustrating theinferential relationships:ordo 4 
ontrary
subaltern 
ontra di
tory ordo 3

subaltern
ontra di
toryordo 1 sub
ontrary ordo 2Figure: Modal square of oppositionSara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
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Conversions
◮ Simple 
onversion: ex
hanges the subje
t and predi
ate terms, doesnot 
hange the quality or the quantity
◮ A

idental 
onversion: ex
hanges the subje
t and predi
ate terms,
hanges quantity from universal to parti
ular or vi
e versa.Propositiones de ne
essario et impossibili eodem modo
onvertuntur si
ut propositiones de inesse, et per idem prin
ipiumprobantur [Pseudo-Aquinas℄.
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Conversions
◮ Simple 
onversion: ex
hanges the subje
t and predi
ate terms, doesnot 
hange the quality or the quantity
◮ A

idental 
onversion: ex
hanges the subje
t and predi
ate terms,
hanges quantity from universal to parti
ular or vi
e versa.Propositiones de ne
essario et impossibili eodem modo
onvertuntur si
ut propositiones de inesse, et per idem prin
ipiumprobantur [Pseudo-Aquinas℄.This only applies to modal de di
to propositions/propositions with nominalmodes, and only to ne
essary and impossible propositions.Sara L. U
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Modal syllogismsPseudo-Aquinas dis
usses modal syllogisms in tra
t. 7, 
aps. 13�15.Modal syllogisti
 
overs syllogisms with di�erent 
ombinations of ne
essary,impossible, 
ontingent, and assertori
 premises. Ea
h 
ombination is
onsidered; if it is valid, no argument is given, if it is invalid, a
ounterexample is given.
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Modal syllogismsPseudo-Aquinas dis
usses modal syllogisms in tra
t. 7, 
aps. 13�15.Modal syllogisti
 
overs syllogisms with di�erent 
ombinations of ne
essary,impossible, 
ontingent, and assertori
 premises. Ea
h 
ombination is
onsidered; if it is valid, no argument is given, if it is invalid, a
ounterexample is given.Problems with the theory:
◮ No general rules are given (though some spe
i�
 ones are)
◮ Pseudo-Aquinas moves between de di
to and de re formulationsindis
riminately.Sara L. U
kelman (ILLC) 13th-
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 AiML 2008 16 / 32



The rules
In assertori
 syllogisms, there are the two general rules, the di
i de omniand the di
i de nullo: These rules are often used to argue for the invalidityof 
ertain syllogisms with one modal and one assertori
 premise.
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The rules
In assertori
 syllogisms, there are the two general rules, the di
i de omniand the di
i de nullo: These rules are often used to argue for the invalidityof 
ertain syllogisms with one modal and one assertori
 premise.The modal rule: For syllogisms whi
h have one ne
essary premise and one
ontingent or possible premise:si aliquod subje
tum sit essentialiter sub aliquo praedi
ato,qui
quid 
ontingit sub subje
to, 
ontingit sub praedi
ato.
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Confusion of de re and de di
toPseudo-Aquinas says that a syllogism in any mood or �gure whi
h has twone
essary premises will have a ne
essary 
on
lusion.
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Confusion of de re and de di
toPseudo-Aquinas says that a syllogism in any mood or �gure whi
h has twone
essary premises will have a ne
essary 
on
lusion.Example: Ne
esse est omnem hominem esse animal.Ne
esse est omne risibile esse hominem.Ergo ne
esse est omne risibile esse animal.These are de di
to.
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Confusion of de re and de di
toPseudo-Aquinas says that a syllogism in any mood or �gure whi
h has twone
essary premises will have a ne
essary 
on
lusion.Example: Ne
esse est omnem hominem esse animal.Ne
esse est omne risibile esse hominem.Ergo ne
esse est omne risibile esse animal.These are de di
to.But ne
essary 
on
lusion does not follow from an assertori
 major and ane
essary minor.Example: Omnis homo est albus.Omne risibile ne
essario est homo.Ergo omne risibile ne
essario est album.These are de re.Sara L. U
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What's the point?At this point we must ask:Is this 
onfusion rooted in error or in fundamental di�eren
es?
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What's the point?At this point we must ask:Is this 
onfusion rooted in error or in fundamental di�eren
es?
◮ The nature of modality
◮ The truth 
onditions for modal propostions
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The nature of modalityModern view:
◮ Propositional modal logi
: modality is de di
to modality. Not 
learthat de re modality 
an be interpreted in a propositional 
ontext in a
oherent fashion.
◮ Quanti�ed modal logi
: de re modality indi
ates some type of�rst-order logi
. But there is some temptation to say that de restatements aren't really about modality; they're just about a (perhapsspe
ial) type of predi
ates whi
h we 
ould 
all, e.g., possibly-P .
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The nature of modalityModern view:
◮ Propositional modal logi
:
◮ Quanti�ed modal logi
:Medieval view:
◮ Stri
tly speaking: Only 
ategori
al senten
es where the modedetermines the inheren
e of the subje
t and predi
ate are really modal.Under this interpretation:Si enim di
am `So
ratem 
urrere est 
ontingens', idem estse
undum rem a
 si di
erem `So
rates 
ontingenter 
urrit'[Sherwood℄.
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Modi�
ations of inheren
eCan modi�
ations of the inheren
e of a subje
t in a predi
ate berepresented in �rst-order modal logi
?If the underlying 
ategori
al proposition is universal or parti
ular, then:
◮ nominal: �∀xF (x)
◮ adverbial: ∀x�F (x)Note: This doesn't work for singular or inde�nite statements, whi
h haveno quanti�er.Sara L. U
kelman (ILLC) 13th-
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Two ways to read ♦P(
)Given
M = 〈W ,R ,D, I ,V 〉
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Two ways to read ♦P(
)Given
M = 〈W ,R ,D, I ,V 〉We have two ways to read w � ♦P(
):1 There is a world x su
h that wRx and M, x |=V Py whereV (y) = I (
 , x).2 There is a world x su
h that wRx and M, x |=V Py whereV (y) = I (
 ,w).
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Extending the analysis to 
omplex propositionsFormalise Omnis homo est possibile 
urrere as
∀y(Hy → ♦drCy)On the de re analysis

M,w |= ∀y(Hy → ♦drCy)is true if and only if for arbitrary mif I (m) ∈ I (H,w), then ∃x ,wRx and M, x |=v C (y) where y ∈ I (m,w)
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The truth 
onditions of modal senten
esModern view:
◮ Emphasis is pla
ed on truth 
onditions of propositions 
onsidered inisolation. In Kripke semanti
s, this manifests itself in the 
hoi
e of Ror a restri
tion on V .
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The truth 
onditions of modal senten
esModern view:
◮ Emphasis is pla
ed on truth 
onditions of propositions 
onsidered inisolation. In Kripke semanti
s, this manifests itself in the 
hoi
e of Ror a restri
tion on V .Medieval view:
◮ Emphasis is pla
ed on inferential relations between modalpropositions:

◮ the Square of Opposition,
◮ 
onversions and of modal propositions,
◮ 
lasses of valid syllogisms.
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Medieval 
omments on truth 
onditions
◮ Pseudo-Aquinas: no expli
it truth 
onditions for modal propositions
onsidered in themselves.This is surprising 
onsidering the stated goal of his treatise:Omnes homines natura s
ire desiderant.
◮ Aquinas has two senten
es on the subje
t:
◮ This interpretation 
orresponds to Sherwood's de�nition of ne
essityand impossibility per se:
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Medieval 
omments on truth 
onditions
◮ Pseudo-Aquinas: no expli
it truth 
onditions for modal propositions
onsidered in themselves.
◮ Aquinas has two senten
es on the subje
t:Attendendum est autem quod ne
essarium habetsimilitudinem 
um signo universali a�rmativo, quia quodne
esse est esse, semper est; impossibile 
um signo universalinegativo, quia quod est impossibile esse, nunquam est.Contingens vero et possibile similitudinem habent 
um signoparti
ulari: quia quod est 
ontingens et possibile, quandoqueest, quandoque non est
◮ This interpretation 
orresponds to Sherwood's de�nition of ne
essityand impossibility per se:Sara L. U
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Sherwood & statisti
al modality (1)Two ways to use impossibile and ne
essarium:uno modo, quod non potest ne
 poterit ne
 potuit esse verum, etest impossible per se. . . alio modo, quod non potest ne
 poteritesse verum, potuit tamen . . . et est impossibile per a

idens. Etsimiliter di
itur ne
essarium per se, quod non potest ne
 potuitne
 poterit esse falsum. . . Ne
essarium autem per a

idens est,quod non potest ne
 poterit esse falsum, potuit tamen
�psϕ := ϕ ∧ Gϕ ∧ Hϕ

�paϕ := ϕ ∧ Gϕ ∧ ♦¬HϕFigure: Sherwood's ne
essity operatorsSara L. U
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Sherwood & statisti
al modality (2)Two ways to use possibile and 
ontingens:
◮ used of statements whi
h 
an both be true and be false, and so areneither impossible or ne
essary = �
ontingent�.
◮ used of statements whi
h 
an be true, even if they 
annot be false =�possible� under the assumption of �ϕ → ♦ϕThe two ways are often 
on�ated.
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Sherwood & statisti
al modality (2)Two ways to use possibile and 
ontingens:
◮ used of statements whi
h 
an both be true and be false, and so areneither impossible or ne
essary = �
ontingent�.
◮ used of statements whi
h 
an be true, even if they 
annot be false =�possible� under the assumption of �ϕ → ♦ϕThe two ways are often 
on�ated.Per se possibility 
an be formalized:

♦psϕ := (ϕ ∨ Fϕ ∨ Pϕ) ∧ (¬ϕ ∨ F¬ϕ ∨ P¬ϕ) (1)
Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
 AiML 2008 27 / 32



Interpretation of ♦What does ♦ stand for in
�paϕ := ϕ ∧ Gϕ ∧ ♦¬Hϕ? (2)Not:

♦ps = (ϕ ∨ Fϕ ∨ Pϕ) ∧ (¬ϕ ∨ F¬ϕ ∨ P¬ϕ)
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Interpretation of ♦What does ♦ stand for in
�paϕ := ϕ ∧ Gϕ ∧ ♦¬Hϕ? (2)Not:

♦ps = (ϕ ∨ Fϕ ∨ Pϕ) ∧ (¬ϕ ∨ F¬ϕ ∨ P¬ϕ)Let w be an arbitrary point where �paϕ is true. We know then thatw |= ϕ and w |= Gϕ, andw |= (¬Hϕ ∨ F¬Hϕ ∨ P¬Hϕ) ∧ (Hϕ ∨ FHϕ ∨ PHϕ) (3)Sherwood's 
ounterfa
tual truth 
onditions for ne
essity per a

idens
annot involve temporal possibility.Sara L. U
kelman (ILLC) 13th-
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Solution to the problemSoluton: formally distinguish between de re and de di
to readings. Thisexploits the fa
t that ϕ is not a simple proposition but is asubje
t-predi
ate senten
e.
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Solution to the problemSoluton: formally distinguish between de re and de di
to readings. Thisexploits the fa
t that ϕ is not a simple proposition but is asubje
t-predi
ate senten
e.Example: If So
rates est ne
essario 
urrere is interpreted with ne
essityper a

idens, it 
an be rewritten asC (s) ∧ �psFC (s) ∧ ♦dr¬C (s) (4)
• •

•

•t0 t1 t2m1Figure: �ps is evaluated w.r.t. tn, ♦dr w.r.t m1Sara L. U
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Con
luding remarksFitting and Mendelsohn say thatfor mu
h of the latter half of the twentieth 
entury, there hasbeen 
onsiderable antipathy toward the development of modallogi
 in 
ertain quarters. Many of the philosophi
al obje
tors �ndtheir inspiration in the work of W.V.O. Quine, who as early as(Quine, 1943), expressed doubts about the 
oheren
e of theproje
t. . . Quine does not believe that quanti�ed modal logi
 
anbe done 
oherently. . . [4, p. 89℄This suspi
ion of quanti�ed modal logi
 is deep-seated and pervasiveamong 
ontemporary philosophi
al logi
ians.We have demonstrated that quanti�ed modal logi
 does not have to be as
ary, intra
table �eld of study, but in fa
t 
an be developed in asystemati
 fashion from the logi
 of simple 
ategori
al statements.Sara L. U
kelman (ILLC) 13th-
entury quanti�ed modal logi
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Thank You
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