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T w o reasons to study medieval logic

I
T o see ho w simila r medieval

logic is to mo dern logic

I
T o see ho w di�erent medieval

logic is from mo dern logic
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The sources

I
William of Sherw o o d 's Intro ductiones in logicam , Latin edition with

German translation [11 ], English translation with commenta ry [10]).

I
De p rop ositionibus mo dalibus [9 ], autho r uncertain but p robably St

Thomas A quinas .

I
Pseudo-A quinas 's Summa totius logicae Aristotelis [8].
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The sources

I
William of Sherw o o d 's Intro ductiones in logicam , Latin edition with

German translation [11 ], English translation with commenta ry [10]).

W ritten b et w een 1240 and 1248, while Sherw o o d w as a master in the

Arts F acult y at the Universit y of P a ris.

I
De p rop ositionibus mo dalibus [9 ], autho r uncertain but p robably St

Thomas A quinas . If genuine, it is a juvenile and ea rly w o rk.

I
Pseudo-A quinas 's Summa totius logicae Aristotelis [8]. Long thought

to b e b y A quinas, but p robably in fact not genuine.
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Mo des and mo dal p rop ositions (1)

De�nition (Catego rical p rop osition)

A catego rical p rop osition is cuius substantia consistit ex subiecto et

p raedicato [Sherw o o d].

De�nition (Mo de)

A quinas determinatio adiacens rei, quae quidem �t p er adiectionem

nominis adiectivi, quo d determinat substantivum. . . vel p er

adverbium, quo d determinat verbum �b oth adverbs and

adjectives .

Pseudo-A quinas adjacens rei determinatio; idest, determinatio facta p er

adjectivum �just adjectives .

Sherw o o d determinatio alicuius actus, et secundum ho c convenit omni

adverbio �just adverbs .
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Mo des and mo dal p rop ositions (2)

De�nition (Mo dal p rop osition)

A mo dal p rop osition is a catego rical p rop osition

(a) to which a mo de has b een added,

(b) where

Pseudo-A quinas the mo de determinat comp ositionem ipsam

p raedicati ad subiectum

Sherw o o d the mo de determinatio p raedicati in subiecto

A quinas inhaerentia p raedicati ad subjectum mo di�catur

The mo des : verum , falsum , necessa rium , imp ossibile , p ossibile , and

contingens .
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T w o w a ys a mo de can determine comp osition

The three autho rs mak e the distinction in slightly di�erent w a ys and with

di�erent lab els:

A quinas : de dicto vs. de re .

Pseudo-A quinas : de dicto vs. de re .

Sherw o o d : nominal mo des vs. adverbial mo des.

Mo dalis de dicto est, in qua totum dictum subiicitur et mo dus

p raedicatur, ut So crates currere est p ossibile; mo dalis de re est, in qua

mo dus interp onitur dicto, ut So cratem p ossibile est currere [A quinas].
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Quantit y & qualit y

Both catego rical and mo dal p rop ositions have quantit y and qualit y . These

determine the inferential relations that hold b et w een pairs o r sets of

catego rical o r mo dal p rop ositions.

The quantit y is either singula r, pa rticula r, universal , o r inde�nite . The

qualit y is either p ositive o r negative .
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Quantit y of catego rical p rop ositions

A catego rical p rop osition is

I
singula r when the subject term picks out only one object, b ecause it is

a p rop er name o r it is mo di�ed b y a de�nitie a rticle such as ho c o r

illud .

I
pa rticula r when the subject term picks out mo re than one object,

b ecause it is mo di�ed b y a pa rticula r quanti�er such as quo ddam o r

aliquid .

I
universal when the subject term picks out all objects of which the

term can b e truly p redicated, b ecause is mo di�ed b y a universal

quanti�er such as omnem o r nullum .

I
inde�nite when the subject term refers to some object o r objects, but

no pa rticula r object o r objects, b ecause no quanti�er o r de�nite a rticle

is used, and the subject is not a p rop er name.
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Quantit y of mo dal p rop ositions

Mo dal de re statements have the same quantit y as their underlying

catego rical sentences.

A quinas and Pseudo-A quinas : mo dal de dicto statements alw a ys have

singula r quantit y , even though they ma y contain universal o r pa rticula r

quanti�ers within them.

Sherw o o d : when a catego rical statement with a nominal mo de is

interp reted as if is adverbial, then the quantit y is determined b y the

quantit y of the underlying catego rical. When not interp reted this w a y , the

dictum of the sentence is the subject, and this is singula r.
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Qualit y of catego rical and mo dal p rop ositions

Qualit y of a p rop osition is determined b y the p resence o r absence of a

negation:

I
fo r catego rical sentences, it is the negation of the comp osition

b et w een the subject and the p redicate

I
fo r mo dal sentences it is the negation of the mo de.

If the comp osition o r the mo de is a�rmed, then the sentence is a�rmative,

and if it is denied, then it is negative.

Prop ositio mo dalis dicitur a�rmativa vel negativa secundum

a�rmationem vel negationem mo di, et non dicti [A quinas].
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Inferential relations

T w o t yp es of inferential relations: implications and conversions .
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Inferential relations

T w o t yp es of inferential relations: implications and conversions .

The implications :

I
contradiction

I
contra riet y

I
sub contra riet y

I
subalternation

I
sup eralternation
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Inferential relations

T w o t yp es of inferential relations: implications and conversions .

The implications :

I
contradiction

I
contra riet y

I
sub contra riet y

I
subalternation

I
sup eralternation

The conversions :

I
conversion p er accidens

I
conversion simplex

I
equivalences which can b e generated through the squa re of opp osition.

These implications and conversions a re used to develop a mo dal syllogistic.
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Implications (1)

Mo des can b e combined with negation in one of the follo wing four w a ys:

A without negation

B with mo re than one negation

C with one negation, b efo re the mo de

D with one negation, after the mo de

F our mo des � four combinations of mo des and negations = sixteen

syntactically di�erent mo des, which can o ccur in de re o r de dicto

p rop ositions.
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Implications (2)

Each of the sixteen can b e placed into one of four o rdines :

p ossibile non p ossibile

o rdo 1 contingens non contingens o rdo 3

non imp ossible imp ossibile

non necessa rium non necessa rium non

p ossibile non non p ossibile non

o rdo 2 contingens non non contingens non o rdo 4

non imp ossibile non imp ossibile non

non necessa rium necessa rium

Figure: The four o rdines

Omnes p rop ositiones quae sunt in eo dem o rdine, aequip ollent sunt [A quinas].
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Mo dal squa re of opp osition

The four o rders mak e up the co rners of a squa re of opp osition illustrating the

inferential relationships:

o rdo 4

contra ry

su
ba
lte
rn

contra

dicto

ry

o rdo 3

su
ba
lte
rn

contra

dicto

ry

o rdo 1

sub contra ry

o rdo 2

Figure: Mo dal squa re of opp osition
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Conversions

I
Simple conversion: exchanges the subject and p redicate terms, do es

not change the qualit y o r the quantit y

I
A ccidental conversion: exchanges the subject and p redicate terms,

changes quantit y from universal to pa rticula r o r vice versa.

Prop ositiones de necessa rio et imp ossibili eo dem mo do

convertuntur sicut p rop ositiones de inesse, et p er idem p rincipium

p robantur [Pseudo-A quinas].
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Conversions

I
Simple conversion: exchanges the subject and p redicate terms, do es

not change the qualit y o r the quantit y

I
A ccidental conversion: exchanges the subject and p redicate terms,

changes quantit y from universal to pa rticula r o r vice versa.

Prop ositiones de necessa rio et imp ossibili eo dem mo do

convertuntur sicut p rop ositiones de inesse, et p er idem p rincipium

p robantur [Pseudo-A quinas].

This only applies to mo dal de dicto p rop ositions/p rop ositions with nominal

mo des, and only to necessa ry and imp ossible p rop ositions.
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Mo dal syllogisms

Pseudo-A quinas discusses mo dal syllogisms in tract. 7, caps. 13�15.

Mo dal syllogistic covers syllogisms with di�erent combinations of necessa ry ,

imp ossible, contingent, and asserto ric p remises. Each combination is

considered; if it is valid, no a rgument is given, if it is invalid, a

counterexample is given.
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Mo dal syllogisms

Pseudo-A quinas discusses mo dal syllogisms in tract. 7, caps. 13�15.

Mo dal syllogistic covers syllogisms with di�erent combinations of necessa ry ,

imp ossible, contingent, and asserto ric p remises. Each combination is

considered; if it is valid, no a rgument is given, if it is invalid, a

counterexample is given.

Problems with the theo ry:

I
No general rules a re given (though some sp eci�c ones a re)

I
Pseudo-A quinas moves b et w een de dicto and de re fo rmulations

indiscriminately .
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The rules

In asserto ric syllogisms, there a re the t w o general rules, the dici de omni

and the dici de nullo : These rules a re often used to a rgue fo r the invalidit y

of certain syllogisms with one mo dal and one asserto ric p remise.
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The rules

In asserto ric syllogisms, there a re the t w o general rules, the dici de omni

and the dici de nullo : These rules a re often used to a rgue fo r the invalidit y

of certain syllogisms with one mo dal and one asserto ric p remise.

The mo dal rule : F o r syllogisms which have one necessa ry p remise and one

contingent o r p ossible p remise:

si aliquo d subjectum sit essentialiter sub aliquo p raedicato,

quicquid contingit sub subjecto, contingit sub p raedicato.
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Confusion of de re and de dicto

Pseudo-A quinas sa ys that a syllogism in any mo o d o r �gure which has t w o

necessa ry p remises will have a necessa ry conclusion.
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Confusion of de re and de dicto

Pseudo-A quinas sa ys that a syllogism in any mo o d o r �gure which has t w o

necessa ry p remises will have a necessa ry conclusion.

Example :

Necesse est omnem hominem esse animal.

Necesse est omne risibile esse hominem.

Ergo necesse est omne risibile esse animal.

These a re de dicto .
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Confusion of de re and de dicto

Pseudo-A quinas sa ys that a syllogism in any mo o d o r �gure which has t w o

necessa ry p remises will have a necessa ry conclusion.

Example :

Necesse est omnem hominem esse animal.

Necesse est omne risibile esse hominem.

Ergo necesse est omne risibile esse animal.

These a re de dicto .

But necessa ry conclusion do es not follo w from an asserto ric majo r and a

necessa ry mino r.

Example :

Omnis homo est albus.

Omne risibile necessa rio est homo.

Ergo omne risibile necessa rio est album.

These a re de re .
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What's the p oint?

A t this p oint w e must ask:

Is this confusion ro oted in erro r o r in fundamental di�erences?
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What's the p oint?

A t this p oint w e must ask:

Is this confusion ro oted in erro r o r in fundamental di�erences?

I
The nature of mo dalit y

I
The truth conditions fo r mo dal p rop ostions
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The nature of mo dalit y

Mo dern view :

I
Prop ositional mo dal logic : mo dalit y is de dicto mo dalit y . Not clea r

that de re mo dalit y can b e interp reted in a p rop ositional context in a

coherent fashion.

I
Quanti�ed mo dal logic : de re mo dalit y indicates some t yp e of

�rst-o rder logic. But there is some temptation to sa y that de re

statements a ren't really ab out mo dalit y; they're just ab out a (p erhaps

sp ecial) t yp e of p redicates which w e could call, e.g., p ossibly- P .
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The nature of mo dalit y

Mo dern view :

I
Prop ositional mo dal logic :

I
Quanti�ed mo dal logic :

Medieval view :

I
Strictly sp eaking : Only catego rical sentences where the mo de

determines the inherence of the subject and p redicate a re really mo dal.

Under this interp retation:

Si enim dicam `So cratem currere est contingens', idem est

secundum rem ac si dicerem `So crates contingenter currit'

[Sherw o o d].
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Mo di�cations of inherence

Can mo di�cations of the inherence of a subject in a p redicate b e

rep resented in �rst-o rder mo dal logic?

If the underlying catego rical p rop osition is universal o r pa rticula r, then:

I
nominal: � 8 xF ( x )

I
adverbial: 8 x � F ( x )

Note : This do esn't w o rk fo r singula r o r inde�nite statements, which have

no quanti�er.
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T w o w a ys to read � P ( c )

Given

M = hW ; R ; D ; I ; V i
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T w o w a ys to read � P ( c )

Given

M = hW ; R ; D ; I ; V i

W e have t w o w a ys to read w � � P ( c ) :

1 There is a w o rld x such that wRx and M ; x j=
V

Py where

V ( y ) = I ( c ; x ) .

2 There is a w o rld x such that wRx and M ; x j=
V

Py where

V ( y ) = I ( c ; w ) .
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Extending the analysis to complex p rop ositions

F o rmalise Omnis homo est p ossibile currere as

8 y ( Hy ! �
dr

Cy )

On the de re analysis

M ; w j= 8 y ( Hy ! �
dr

Cy )

is true if and only if fo r a rbitra ry m

if I ( m ) 2 I ( H ; w ) , then 9 x ; wRx and M ; x j=
v

C ( y ) where y 2 I ( m ; w )
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The truth conditions of mo dal sentences

Mo dern view :

I
Emphasis is placed on truth conditions of p rop ositions considered in

isolation. In Kripk e semantics, this manifests itself in the choice of R

o r a restriction on V .
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The truth conditions of mo dal sentences

Mo dern view :

I
Emphasis is placed on truth conditions of p rop ositions considered in

isolation. In Kripk e semantics, this manifests itself in the choice of R

o r a restriction on V .

Medieval view :

I
Emphasis is placed on inferential relations b et w een mo dal

p rop ositions:

I
the Squa re of Opp osition,

I
conversions and of mo dal p rop ositions,

I
classes of valid syllogisms.
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Medieval comments on truth conditions

I
Pseudo-A quinas : no explicit truth conditions fo r mo dal p rop ositions

considered in themselves .

This is surp rising considering the stated goal of his treatise:

Omnes homines natura scire desiderant.

I
A quinas has t w o sentences on the subject:

I
This interp retation co rresp onds to Sherw o o d 's de�nition of necessit y

and imp ossibilit y p er se :

Sa ra L. Uck elman (ILLC ) 13th-century quanti�ed mo dal logic AiML 2008 25 / 32



Medieval comments on truth conditions

I
Pseudo-A quinas : no explicit truth conditions fo r mo dal p rop ositions

considered in themselves .

I
A quinas has t w o sentences on the subject:

A ttendendum est autem quo d necessa rium hab et

similitudinem cum signo universali a�rmativo, quia quo d

necesse est esse, semp er est; imp ossibile cum signo universali

negativo, quia quo d est imp ossibile esse, nunquam est.

Contingens vero et p ossibile similitudinem hab ent cum signo

pa rticula ri: quia quo d est contingens et p ossibile, quando que

est, quando que non est

I
This interp retation co rresp onds to Sherw o o d 's de�nition of necessit y

and imp ossibilit y p er se :
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Sherw o o d & statistical mo dalit y (1)

T w o w a ys to use imp ossibile and necessa rium :

uno mo do, quo d non p otest nec p oterit nec p otuit esse verum, et

est imp ossible p er se. . . alio mo do, quo d non p otest nec p oterit

esse verum, p otuit tamen . . . et est imp ossibile p er accidens. Et

similiter dicitur necessa rium p er se, quo d non p otest nec p otuit

nec p oterit esse falsum. . . Necessa rium autem p er accidens est,

quo d non p otest nec p oterit esse falsum, p otuit tamen

�
ps

' := ' ^ G ' ^ H '
�

pa

' := ' ^ G ' ^ � : H '

Figure: Sherw o o d's necessit y op erato rs
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Sherw o o d & statistical mo dalit y (2)

T w o w a ys to use p ossibile and contingens :

I
used of statements which can b oth b e true and b e false, and so a re

neither imp ossible o r necessa ry = �contingent�.

I
used of statements which can b e true, even if they cannot b e false =
�p ossible� under the assumption of � ' ! � '

The t w o w a ys a re often con�ated.
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Sherw o o d & statistical mo dalit y (2)

T w o w a ys to use p ossibile and contingens :

I
used of statements which can b oth b e true and b e false, and so a re

neither imp ossible o r necessa ry = �contingent�.

I
used of statements which can b e true, even if they cannot b e false =
�p ossible� under the assumption of � ' ! � '

The t w o w a ys a re often con�ated.

P er se p ossibilit y can b e fo rmalized:

�
ps

' := ( ' _ F ' _ P ' ) ^ (: ' _ F : ' _ P : ' ) (1)
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Interp retation of �

What do es � stand fo r in

�
pa

' := ' ^ G ' ^ � : H ' ? (2)

Not :

�
ps

= ( ' _ F ' _ P ' ) ^ (: ' _ F : ' _ P : ' )
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Interp retation of �

What do es � stand fo r in

�
pa

' := ' ^ G ' ^ � : H ' ? (2)

Not :

�
ps

= ( ' _ F ' _ P ' ) ^ (: ' _ F : ' _ P : ' )

Let w b e an a rbitra ry p oint where �
pa

' is true. W e kno w then that

w j= ' and w j= G ' , and

w j= ( : H ' _ F : H ' _ P : H ' ) ^ ( H ' _ FH ' _ PH ' ) (3)

Sherw o o d's counterfactual truth conditions fo r necessit y p er accidens

cannot involve temp o ral p ossibilit y .
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Solution to the p roblem

Soluton: fo rmally distinguish b et w een de re and de dicto readings. This

exploits the fact that ' is not a simple p rop osition but is a

subject-p redicate sentence.
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Solution to the p roblem

Soluton: fo rmally distinguish b et w een de re and de dicto readings. This

exploits the fact that ' is not a simple p rop osition but is a

subject-p redicate sentence.

Example : If So crates est necessa rio currere is interp reted with necessit y

p er accidens , it can b e rewritten as

C ( s ) ^ �
ps

F C ( s ) ^ �
dr

: C ( s ) (4)

� �

�

�
t

0

t

1

t

2

m

1

Figure: �
ps

is evaluated w.r.t. t

n

, �
dr

w.r.t m

1
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Concluding rema rks

Fitting and Mendelsohn sa y that

fo r much of the latter half of the t w entieth century , there has

b een considerable antipathy to w a rd the development of mo dal

logic in certain qua rters. Many of the philosophical objecto rs �nd

their inspiration in the w o rk of W.V.O. Quine, who as ea rly as

(Quine, 1943), exp ressed doubts ab out the coherence of the

p roject. . . Quine do es not b elieve that quanti�ed mo dal logic can

b e done coherently. . . [4 , p. 89]

This suspicion of quanti�ed mo dal logic is deep-seated and p ervasive

among contemp o ra ry philosophical logicians.

W e have demonstrated that quanti�ed mo dal logic do es not have to b e a

sca ry , intractable �eld of study , but in fact can b e develop ed in a

systematic fashion from the logic of simple catego rical statements.
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Thank Y ou
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