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Introduction
Setting the Problem

Paraconsistent Modal Logics (pML)
Are obtained by adding to a paraconsistent logic the modal operators
O (necessity) and ¢ (possibility).

= They combine the expressive power of modal logics with the
non—explosive character of paraconsistent logics.
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Are obtained by adding to a paraconsistent logic the modal operators

O (necessity) and ¢ (possibility).

= They combine the expressive power of modal logics with the
non—explosive character of paraconsistent logics.

=  They seem well-suited to explicate normative reasoning,
reasoning about beliefs, about knowledge,...

= often inconsistent, but not trivial.

Problem

pPML avoid explosion by invalidating some of the classical rules of
inference.

W e.g. Disjunctive Syllogism, Modus Ponens, de Morgan’s laws,...
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Introduction
Setting the Problem

Paraconsistent Modal Logics (pML)

Are obtained by adding to a paraconsistent logic the modal operators

O (necessity) and ¢ (possibility).

= They combine the expressive power of modal logics with the
non—explosive character of paraconsistent logics.

=  They seem well-suited to explicate normative reasoning,
reasoning about beliefs, about knowledge,...

= often inconsistent, but not trivial.

Problem

pPML avoid explosion by invalidating some of the classical rules of
inference.

W e.g. Disjunctive Syllogism, Modus Ponens, de Morgan’s laws,...
2 = too weak to capture actual reasoning!
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Introduction
Aim of This Talk

Notice

The above problem is not specific to pML, but applies to
paraconsistent logics in general.
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Introduction
Aim of This Talk

Notice

The above problem is not specific to pML, but applies to
paraconsistent logics in general.

— notable exception: inconsistency—adaptive logics!

Inconsistency—Adaptive Logics (iAL)

iAL avoid explosion by invalidating applications of some of the
classical rules of inference.

= These rules of inference are not valid in general, but they are not

invalid in general either.
= Closer to actual reasoning!

Aim
% To extend the inconsistency—adaptive framework to modal logics.
= Inconsistency—adaptive modal logics!!
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| will only consider:
@ normal modal logics,
@ that have at least a reflexive accessibility relation, and
@ that contain all the de Morgan laws (incl. the modal analogues)
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Example

@ The logic TuNs

= The modal extension of the paraconsistent logic CLUNS
(equivalent to Priest’s LP).
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Paraconsistent Modal Logics

In General

Some Restrictions
| will only consider:
@ normal modal logics,
@ that have at least a reflexive accessibility relation, and
@ that contain all the de Morgan laws (incl. the modal analogues)

y

Example

@ The logic TuNs

The modal extension of the paraconsistent logic CLUNs
(equivalent to Priest’s LP).

The paraconsistent counterpart of the modal logic T.
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Paraconsistent Modal Logics
The Logic TuNs: Language Schema

The Modal Language £M

language | letters | logical symbols |set of formulas
LM ]S |~Av,D,500] WM
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Paraconsistent Modal Logics
The Logic TuNs: Language Schema

The Modal Language £M

language | letters | logical symbols |set of formulas
LM ]S |~Av,D,500] WM

Definition
@ AV B =4 ~(~AA~B)
@ ADB=4~AVB
@ A=B=4(ADB)A(BD A)
@ QA =4 ~[~A
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Paraconsistent Modal Logics
The Logic TuNs: Language Schema

The Modal Language £M

language | letters | logical symbols |set of formulas
LM ]S |~Av,D,500] WM

Definition
@ AV B =4 ~(~AA~B)
@ ADB=4~AVB
@ A=B=4(ADB)A(BD A)
@ QA =4 ~[~A

Definition
%8N={~A|AES} )
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TuNs—-models
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Paraconsistent Modal Logics

The Logic TuNs: Semantics

TuNs—-models
A TuNs—model M is a 4—tuple < W, wyp, R, v >, with

@ W a set of worlds,
@ wy the actual world,

@ R areflexive accessibility relation, and
@ v an assignment function.
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Paraconsistent Modal Logics

The Logic TuNs: Semantics

AP1

v:S+— {0,1}.
AP2

The Assignment Function

v: S~ —{0,1}.
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Paraconsistent Modal Logics

The Logic TuNs: Semantics

The Assignment Function

APl v:S+— {0,1}.
AP2 v: S~ — {0,1}.

The Valuation Functions

SP1  vy: WM — {0,1}.

SP2  For Ac S: viu(A) =1iff v(A) =1.

SP3  For A € S: vu(~A) = 1iff viy(A) =0 or v(~A) =1.

SP4 VM(NNA) =1 iff VM(A) =1.

SP5  vu(AAB) =1iff vy(A) =1and vu(B) = 1.

SP6  vu(~(AA B)) = 1iff vu(~A) =1 or vy(~B) = 1.

SP7  wu(OA, w) = 1iff vw’' € W, if Rww' then vy(A, w') = 1.

SP8  wu(~OA, w) = 1 iff 3w’ € W such that RBww’ and vi(~A, w’) = 1.
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Paraconsistent Modal Logics

The Logic TuNs: Semantics

Truth in a Model
Ais true in a TuNs—model M iff viy(A, wp) = 1. J

UNIVERSITEIT
% CENT

H. Lycke (Ghent University) Inconsistency—Adaptive Modal Logics AIML 2008, Melbourne 14/30



Paraconsistent Modal Logics

The Logic TuNs: Semantics

Truth in a Model
Ais true in a TuNs—model M iff viy(A, wp) = 1.

Models of a Premise Set

The TuNs—model M is a model of the premise set I iff for all B T, it
is the case that vy(B, wp) = 1.
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Paraconsistent Modal Logics

The Logic TuNs: Semantics

Truth in a Model
Ais true in a TuNs—model M iff viy(A, wp) = 1.

Models of a Premise Set

The TuNs—model M is a model of the premise set I iff for all B T, it
is the case that vy(B, wp) = 1.

Semantic Consequence
I Frans A iff Ais true in all TuNs—models of the premise set I'.
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Main ldea
iAML interpret a premise set as consistent as possible.
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Main Idea

Main Idea
iAML interpret a premise set as consistent as possible.

= Inconsistencies are supposed to be false, unless or until proven
otherwise.

iAL if AV (B A ~B) is derivable then A is supposed to be
derivable as well, unless or until it can be proven that
B A ~B might be true.
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Main Idea

Main Idea
iAML interpret a premise set as consistent as possible.

= Inconsistencies are supposed to be false, unless or until proven
otherwise.

iAL if AV (B A ~B) is derivable then A is supposed to be
derivable as well, unless or until it can be proven that
B A ~B might be true.

= Only the problematic applications of some of the classical rules
of inference are invalid.

Problem

What does it mean to interpret a premise set as consistent as
possible in a modal setting?
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Inconsistency—Adaptive Modal Logics (iIAML)

Main Idea

Main Idea
iAML interpret a premise set as consistent as possible.

= Inconsistencies are supposed to be false, unless or until proven
otherwise.

iAL if AV (B A ~B) is derivable then A is supposed to be
derivable as well, unless or until it can be proven that
B A ~B might be true.

= Only the problematic applications of some of the classical rules
of inference are invalid.

Problem
What does it mean to interpret a premise set as consistent as
possible in a modal setting?

% = As much reachable inconsistencies as possible are supposed to
be false!

4
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Inconsistency—Adaptive Modal Logics (iAML)
Main Idea

Reachable Inconsistencies

Inconsistencies that are true in worlds that are reachable from the
actual world wy.
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Main Idea

Reachable Inconsistencies

Inconsistencies that are true in worlds that are reachable from the

actual world wy.

= Captured by formulas of the form ¢...0 (A A ~A), with A € S.
S~ ——

!
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Inconsistency—Adaptive Modal Logics (IAML)

Main Idea

Reachable Inconsistencies

Inconsistencies that are true in worlds that are reachable from the
actual world wy.

= Captured by formulas of the form ¢...0 (A A ~A), with A € S.
S~ ——

!
l Inconsistency
Reachability

Two Possible Ways to Proceed
Consider the following two formulas:

O(AN~A) <= = OO(AN~A)
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Reachable Inconsistencies

Inconsistencies that are true in worlds that are reachable from the
actual world wy.

= Captured by formulas of the form ¢...0 (A A ~A), with A € S.
S~ ——

!
l Inconsistency
Reachability

Two Possible Ways to Proceed
Consider the following two formulas:
O(AN~A) <= = OO(AN~A)

@ As both formulas state that the inconsistency A A ~A is reachable, they
W should be treated on a par (Semantic perspective).
2
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Inconsistency—Adaptive Modal Logics (iIAML)

Main Idea

Reachable Inconsistencies

Inconsistencies that are true in worlds that are reachable from the
actual world wy.

= Captured by formulas of the form ¢...0 (A A ~A), with A € S.
S~ ——

!
l Inconsistency
Reachability

Two Possible Ways to Proceed
Consider the following two formulas:
O(AN~A) <= = OO(AN~A)

@ As both formulas state that the inconsistency A A ~A is reachable, they
W should be treated on a par (Semantic perspective).
2

@ As both formulas are not equivalent, they express a difference and
should not be treated on a par (Syntactic perspective).
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Inconsistency—Adaptive Modal Logics (IAML)

Main Idea

Reachable Inconsistencies

Inconsistencies that are true in worlds that are reachable from the
actual world wy.

= Captured by formulas of the form ¢...0 (A A ~A), with A € S.
\'\/'/\W_/

!
l Inconsistency
Reachability

Two Possible Ways to Proceed
Consider the following two formulas:
O(AN~A) <= = OO(AN~A)

@ As both formulas state that the inconsistency A A ~A is reachable, they
should be treated on a par (Semantic perspective).

2 @ As both formulas are not equivalent, they express a difference and
should not be treated on a par (Syntactic perspective).

4
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Adaptive Logics (AL)
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Inconsistency—Adaptive Modal Logics

General Characterization

Adaptive Logics (AL)
1. A Lower Limit Logic (LLL)
°

2. A Set of Abnormalities 2

3. An Adaptive Strategy
o
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Adaptive Logics (AL)
1. A Lower Limit Logic (LLL)

@ The LLL determines the inference rules that can be applied
unrestrictedly.
o
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3. An Adaptive Strategy
o
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1. A Lower Limit Logic (LLL)
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Inconsistency—Adaptive Modal Logics

General Characterization

Adaptive Logics (AL)
1. A Lower Limit Logic (LLL)

@ The LLL determines the inference rules that can be applied
unrestrictedly.
@ All LLL—consequences are AL—consequences as well.

2. A Set of Abnormalities 2

@ Elements of Q are interpreted as false as much as possible
@ The result: some conditionally derived consequences

eQ
A VAB , unless B cannot be considered as false.
3. An Adaptive Strategy
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Inconsistency—Adaptive Modal Logics

General Characterization

Adaptive Logics (AL)
1. A Lower Limit Logic (LLL)

@ The LLL determines the inference rules that can be applied
unrestrictedly.
@ All LLL—consequences are AL—consequences as well.

2. A Set of Abnormalities 2

@ Elements of Q are interpreted as false as much as possible
@ The result: some conditionally derived consequences

AV B9
A

3. An Adaptive Strategy
@ The strategy determines which of the conditionally derived

formulas have to be withdrawn.
m
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Inconsistency—Adaptive Modal Logics

General Characterization

Example: the Logic iATUNs"
1. The Lower Limit Logic

2. The Set of Abnormalities Q

3. The Adaptive Strategy
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General Characterization

Example: the Logic iATUNs"

1. The Lower Limit Logic
=  the paraconsistent modal logic TuNs.

2. The Set of Abnormalities Q

3. The Adaptive Strategy
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General Characterization

Example: the Logic iATUNs"

1. The Lower Limit Logic
=  the paraconsistent modal logic TuNs.

2. The Set of Abnormalities Q
n

~ =
= Q={0.0AAN~A)|AeS;0< n}
3. The Adaptive Strategy
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General Characterization

Example: the Logic iATUNs"

1. The Lower Limit Logic
=  the paraconsistent modal logic TuNs.

2. The Set of Abnormalities Q
n

—~
= Q={0.0AAN~A)|AeS;0< n}

3. The Adaptive Strategy
= normal selections
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Inconsistency—Adaptive Modal Logics

General Characterization

Example: the Logic iATUNs"

1. The Lower Limit Logic
=  the paraconsistent modal logic TuNs.

2. The Set of Abnormalities Q
n

= Q={m(AA~A)|AGS;O<n}
3. The Adaptive Strategy
= normal selections
— Other possibilities: reliability, minimal abnormality, ...
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Inconsistency—Adaptive Modal Logics
General Characterization
Example: the Logic iATUNs"

1. The Lower Limit Logic
=  the paraconsistent modal logic TuNs.

2. The Set of Abnormalities Q
n

——
= Q={0.0(AA~A)|AcS;0< n}

3. The Adaptive Strategy
= normal selections

— Other possibilities: reliability, minimal abnormality, ...

Generalizing the Approach
For all other iAML, the characterization is completely equivalent!

piiTiTy
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Inconsistency—Adaptive Modal Logics

The Logic iATUNs": Semantics — Semantic Consequence

Preferential Semantics

The iATuNs"—consequences of a premise set ' are defined by
reference to sets of preferred TuUNs—models of I'.

= the selected sets of TuUNs—models of I'.
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Inconsistency—Adaptive Modal Logics

The Logic iATUNs": Semantics — Semantic Consequence

Preferential Semantics

The iATuNs"—consequences of a premise set ' are defined by
reference to sets of preferred TuUNs—models of I'.

= the selected sets of TuUNs—models of T.

Definition
I' Fiatinse A iff there is at least one selected set X of TuNs—models of
I such that A is true in all models that are in X. )
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Inconsistency—Adaptive Modal Logics
The Logic iATUNs": Semantics — Selecting the Models

The Abnormal Part of a Model
Ab(M) = {Ac Q| vm(A wp) =1}
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Minimally Abnormal Models

A TuNs—model M of T is minimally abnormal iff there is no
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The Logic iATUNs": Semantics — Selecting the Models

The Abnormal Part of a Model
Ab(M) = {A € Q| vm(A wp) =1}

Minimally Abnormal Models

A TuNs—model M of T is minimally abnormal iff there is no
TuNs—model M’ of I' such that Ab(M’) C Ab(M).

The Selected Sets

All minimally abnormal models that verify the same abnormalities are
grouped together in distinct sets, the selected sets of a premise set.

Intuitive meaning: Each selected set X~ captures a minimally

abnormal interpretation of the premise set
% (= a maximally consistent interpretation).
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Inconsistency—Adaptive Modal Logics
The Logic iATUNs": Semantics — Selecting the Models

About Consistency

Only those TuNs—models of a premise set are taken into
consideration that verify as less reachable inconsistencies as
possible.

= Incase I is consistent, the minimally abnormal models will be
those models that do not verify any reachable inconsistencies.

= the T-models of I'!!
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Inconsistency—Adaptive Modal Logics
The Logic iATUNs": Semantics — Selecting the Models

About Consistency

Only those TuNs—models of a premise set are taken into
consideration that verify as less reachable inconsistencies as
possible.

= Incase I is consistent, the minimally abnormal models will be
those models that do not verify any reachable inconsistencies.

= the T-models of I'!!

= The logic T is the Upper Limit Logic of the logic iATuUNs".
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The Logic iATUNs": Example

Theorem
I Fiatanse A iff there is a finite A C Q such that
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The Logic iATUNs": Example

Theorem

I Fiatanse A iff there is a finite A C Q such that
@ I Frans AV V(A), and
o I Frans V().
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@ I Frans AV V(A), and
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Example
M= {0(pV(qA~Qq)),00(qA~q),0(r A~r)}
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@ I Frans AV V(A), and
o I Frans V(A).

Example
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= T Fiatans® Op, because
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Theorem

I' Fiatanse A iff there is a finite A C Q such that
@ I Frans AV V(A), and
o I Frans V(A).

Example
M={0(pV(gA~q)),00(qA~q),0(r A~r)}

= T Fiatans® Op, because

@ I Frans OpV O(g A ~q), and
@ I Frans O(q A ~Q).

= T Fiatans» Op, because although

% @ T Frans OpV O(r A ~r), also
@ T Frans O(r A ~r).
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The Logic iAS4uNs": Example

Theorem

I' Fiasaiinse A iff there is a finite A C Q such that
@ I Fsauns AV V(A), and
@ I Fsauns V(A).
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Inconsistency—Adaptive Modal Logics
The Logic iAS4uNs": Example

Theorem

I Fiasaunse A iff there is a finite A C Q such that
@ I Fsauns AV V(A), and
@ I Fsauns V(A).

Example
M={0(pV(gA~q)),00(qA~q),0(r A~r)}

= T Fiasauns Op, because although
@ T Fsains OpV O(g A ~q), also

@ T Fsauns O(9 A ~Q). R is transitive!

= [ Fiasaunse Op, because although

% @ T Fsqans OpV O(r A ~r) , also
@ T Fsaans O(r A ~r).
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Inconsistency—Adaptive Modal Logics
The Logic iAKUNs": Example

Theorem

I" Fiakanse A iff there is a finite A C Q2 such that
o I Fxans AV \/(A), and
o I Fxans V().
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Inconsistency—Adaptive Modal Logics
The Logic iAKUNs": Example

Theorem

I" Fiakanse A iff there is a finite A C Q2 such that
@ I Exans AV \/(A), and
o I Fxans V().

Example
r={0(rA~r)}
= T Eiakanst Op, because

@ [ Fkans UpV O(f/\ Nf) ,and
@ T Hkins O(r A ~r). R is not reflexive!
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The Logic iAKUNs": Example

Theorem

I" Fiakanse A iff there is a finite A C Q2 such that
@ I Exans AV \/(A), and
o I Fxans V().

Example
r={0(rA~r)}

= T Eiakanst Op, because
@ [ FkiNns |:|p\/ O(f/\ Nf) , and

@ T Hkins O(r A ~r). R is not reflexive!

% = Pseudo—explosion!!
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Final Remarks

Conclusion

The inconsistency—adaptive framework can be extended to modal
logics in a fairly natural way!
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Final Remarks

Conclusion

The inconsistency—adaptive framework can be extended to modal
logics in a fairly natural way!

Further Results/Research

@ To construct iAML based on paraconsistent modal logics that do
not contain de Morgan laws (nor their modal analogues).

@ To construct iAML by starting from the semantic perspective.

@ To construct iIAML that are based on paraconsistent modal logics
with a non—reflexive accessibility relation and that avoid
pseudo—explosion.
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