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POS .  p;, T, L, AV, 0Oy, Oy

NEG : negation of POS



Sahlqgvist formula:

BA : D)\l“'D)\npi
SA: BA, NEG, N\, V, 0y
SI: SA— POS

SF : S[,D)\,/\,\/>I<



Theorem. Every Sahlgvist formula has a com-

putable local first-order equivalent.



Kracht formulas
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Restricted quantification:

Vy(zRy\y — a(y)) (Vy >y z)a(y)

Jy(z Ry N o(y)) (Fy >y z)a(z)



AZD)\l...DA

n

We extend the set of predicate symbols with Ra
for any A, and will allow the atomic formulas

:ERAy.

(xR Ay iff there is a sequence of points vg, ..., vn
such that vg = z,vn = y and z; 1Ry x; for 1 <
i <n)



We call a formula restrictedly positive if it is
built up from atomic formulas, using A, V and

restricted quantifiers only.



A formula is called clean if any variable is quan-

tified only once.



We say that an occurrence of the variable y in
the clean formula « is inherently universal if ei-
ther y is free, or else y is bound by a restricted
quantifier of the form (Vy 1> x)8 which is not in

the scope of an existential quantifier.



a(x) is a Kracht formula if

e o IS Clean,

e o IS restrictedly positive,

e cvery atomic formula is either of the form u =
u Oor uw 7= u or has a form xRay (n > 0) where
at least one variable of x and y is inherently

universal.



a(x) is a Kracht formula if

e o IS Clean,

e o IS restrictedly positive,

e cvery atomic formula is either of the form u =
u Or u 7= u or has a form xRay (n > 0) where

x 1S Inherently universal.



Theorem (Kracht)

Claim 1. Every Sahlqgvist formula locally corre-

sponds to some Kracht formula.

Claim 2. Every Kracht formula locally corre-
sponds to some Sahlqvist formula.



Generalized Sahlvist formulas

(Goranko, Vakarelov)



BA :

Boxed atom:

p; | O)\BA



BF .

Di

Box-formula

D)\BA |

POS — BF



Examples of box-formulas

D>\1“‘D>\npj
D)\l(POsl — D)\Q(POSQ — pj))

p; IS a head



Let A be a set of box-formulas.

Dependency graph of A:

G = (Va, Ey)
V4, contains all variables which occur in A
pilbap; <= p; occurs in a formula from A

with a head p;



A is inductive if G4 is acyclic



Generalized Sahlgvist formula:

BF . D; ‘ (\BF ‘ POS — BF
GSA: BF,NEG,\V,0,, DBF(GSA) is inductive
GSI: GSA— POS

GSF: GSI, Oy, A, V*



Theorem Every generalized Sahlgvist formula

has a computable local first-order equivalent.



What first-order formulas we obtain?
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L:x;,N,U Ry, RY, Ry, T, L.

Here 1, T,x; are atoms, R;l,RQ,RA are unary

connectives, N,U are binary connectives.



(W, Ry, x;) is a model with universe W, binary

predicates R, and constants z;

r; = {z;}
T =W
1 =90

Ry1(A) = {z|3y € AzR\y}
RY(A) = {z|Vy(zRyy — y € A)}

Ry\(A) = {z|3y € AyR)z}



Let K be the minimal class of expressions satis-

fying the conditions:

o {iUl,...,CEn}ng;

o if S € X, then R,(S) € X;

e if BCX and S &€ X then SN POS(B) € X

(POS(B): B,n,U,RyY R, T, L)



Let o € L and ¥ € Sub(¢)

We say that a subexpression ¢ is safe if one of
the following holds:

1) ¢ =

2) v = Ry (¢, where ¢’ is safe;

3) ¥ =Y’ Ny"”, where either ¢’ or ¢ is safe.



We say that an expression ¢ is safe if

1)¢ is safe as a subexpression of itself;

2)for every Ry(v) € Sub(¢) the subexpression

IS safe.



Claim:

K ={S € L|S is safe }



Examples of safe expressions

z;, R(z), R(R(z) N R~1R(z))

R((R(z) nR™'R(z)) N (R (z) N R~ (R(2))))



There is a lineal algorithm, which takes an ex-

pression ¢ € L and determines whether ¢ is safe.



R(R(x)NR™'R(z))Nn(R ' (z) N R™'R(x)))

(R(z) N R~'R(z)) N (R~ (z) N R~'R(x))




R(R(x)NR™'R(z))Nn (R ' (z) N R~ R(x)))

(R(z) N R~'R(z)) N (R~(z) N R~'R(x))




Generalized Kracht's formulas



D)\l...[l)\npj R)\l...R)\n

BF Safe expressions



For any safe expression S(x1,...,zn) We add to

our signature the predicate y € S(x1,...,xn).



a(x) is a Generalized Kracht formula if

e o IS Clean,

e o IS restrictedly positive,

e cvery atomic formula is either of the form u =
u Or w = uw or has a form = € S(xz1,...,xn),
where S is a safe expression and xq,...,xn are

iInherently universal.



T heorem
Claim 1. Every dgeneralized Sahlgvist formula
locally corresponds to some generalized Kracht

formula.

Claim 2. Every generalized Kracht formula lo-
cally corresponds to some generalized Sahlgvist

formula.



Example 1. The formula cuby is theorem of K3
(V. Shehtman, 1978):

cuby = [O1(Uop12 A O3p13) A Oo(Hipo1 Al3zpoz) A O3(Hipz1 AUapzo)A
(1 02(p12 A po1 — Uzgz) AU103(p13 A p31 — Uogo) A Ooa03(p23 Ap3o — Uig1) ]
— 010203(q1 A g2 N g3).






Vi >1 xVeo bo xVr3 >3 x3y((zR1 Ry R3y) A

Ny € R3(Ro(x1)NR1(22)) Ay € Ro(Ra(x1)NR1(x3))A

Ny € R1(Ra(z3) N R3(z2))).



Example 2. (Goranko, Vakarelov)
D2 =pA D(Qp — Dq) — OUq
Its first-order correspondent is

Ty (:BRy A Vz (yRQZ — z € R(R(x) N R_l(a:)))) .



Example 3.

p AO1(01p — O37) — 02(02p A O37)

JydzAv(zRiy AyRiz ANxRoz N zRox AyR3v A zR3v)



Jy (xR1y N yRix/N

ATv <yR3v Av € R3(Ro(x)N Rgl(x))))



